In this paper the state space realization results of [ 1 ] for causal 2-D systems are generalized to a much larger class of 2-D systems. We introduce a generalized notion of a state space realization for which the state can still be recursively evaluated. The results include a realization method for a class of NSHP filters. In the second part we introduce inverse 2-D systems with inherent delay. Some results concerning existence of an inverse with inherent delay for a 2-D system will be given. It will be shown that, in general, a causal 2-D system cannot have a causal inverse (with inherent delay). Furthermore it will be shown that a causal 2-D system always has an inverse with inherent delay in the larger class of 2-D systems mentioned above,;.
INTRODUCTION
In this paper the results concerning state space realization of a causal 2-D system (as described in [IJ) will be generalized to a larger class of 2-D systems. These systems, which will be called weakly causal, are closely related to the so called Non Symmetric Half Plane filters (NSHP filters). For the use of NSHP filters see for instance [2J. The proposed method gives us a generalized notion of a state space realization for which the state and therefore the output, can still be evaluated in a recursive way. In the second part of the paper inversion of 2-D systems is considered. Also inversion with inherent delay will be treated and there weakly causal systems arise in a natural way. Inverse systems or inverse filters are tools for the restoration of degraded images, although there are many problems concerning the applicability.
For instance if the degradation is due to noise then certainly inverse filtering is not advisable as a restoration method. However, if noise is not important as a degradation source, then inverse filtering can give reasonable good restorations in many situations. Many aspects of image restoration are treated in [12J and [13J. These papers certainly provide more motivational material to study inverse 2-D systems. The paper will be concerned with scalar systems but the realization ~art can be modified in an obvious way to include the multivariable case. The state space model for a causal system will be Roessers model. This model is equivalent (conceptually) to the model in [IJ. It is preferable for us in this paper because it contains less matrices.
Let us now describe a 2-D I/O systems ([IJ)
1 • I.
00,00
I F k · h .u .. We will assume that F(s,z) is a real rational function in the variables sand z. Thus F(s,z) = P(s,z)/Q(s,z) where P(s,z) and Q(s,z) are polynomials in two variables (see also [IJ) . Now it is clear that F(s,z) can also be seen as a rational function in z where the coefficients are polynomials in s. We then have a condition, equivalent to (1.2),for a rational ...
i=O,j=O
F(s,z),which we will state without proof. Consider the 2-D I/O system
The index set J will be specified later on.
As usual the double sequence F = (F ), (m,n) € 22 is called the impulse m,n response (also point spread function) (~denotes the set of integers)
The support of F is the set From now on C will always denote a closed convex cone satisfying I and II. where p, r, q, t are nonnegative integers satisfying qr -pt = -1.
Lemma
Every causality cone has the properties I and II (see (2.3».
Proof
The proof is straightforward and will be deleted.
Remark
Every causality cone induces a partial order on 22 in the same way as o Q} (the causality cone for a causal system) does. (see [lOJ) . The impulse response of a weakly causal I/O system is an example of a function with past-finite support (see [6J) . such that q'r' -pIt' < 0 and p' and r' are coprime. Then there exists ~ntegers ql and tl such that qt r ' -pItt = -1 and thus
Lemma
we have for sufficiently large nO that q'/t' < (ql + nOp')/(tt + nOr'). Now take p = p', r = r', q = ql + nOpl, t = tt + nOr' and C c = Hp~r n Hq,t is a causality cone satisfying C C C • c Remark (2.5) is a lemma on existence of C • In fact C is not unique at all. We will now take a formal power series point of view for (2.1) (or apply the 2-D Z-transform to (2.1» although, strictly speaking, the series are not formal power series in the sense that only nonnegative powers of s-I and z-I occur. However in the following it will become clear that we may call the series expansions under consideration formal power series, because of the isomorphism result of theorem (2.7). Then we obtain
It follows that 2.7. Theorem rJ>: S -+ S p,r,q,t 1,0,0,1
where ~ is the same as in (2.6). Now the proof is just a matter of verification that ~ is indeed a ring isomorphism. 
Theorem
Let ~ be the ring isomorphism defined in the above theorem.
Then ~(F)(a,a) is rational iff P(s,z) is rational.
Proof
The equality 
Furthermore, suppose that SF C C , SG C C where C is a causality o
The fact that the inverse of the substitution in lemma (2.11) can also be given in the above form, with integer exponents, is due to the condition Qr -pt = -1 which in fact is the-. . reason for the one-one character of ~.
Next we will derive a state space realization for a weakly causal transfer function. For this purpose we transform this weakly causal transfer function into a causal one. Then we construct a state space realization for this causal transfer function like is done in [IJ. Now the ring isomorphism ~ can also be defined for the obtained state space realization. This is done by means of lemma (2.11). We will now describe the procedure in more detail. We have chosen not to do so in this paper because in the sequel we will only be concerned with the scalar case.
y a oW1ng trans ormat10ns l1ke a = s ,S = z one can rea 1ze trans er functions having their support in a closed convex cone C containing another quadrant. C still has to satisfy C n (-C) = {O}.
INVERTIBILITY OF 2-D SYSTEMS
We will now be concerned with the invertibility of weakly causal 2-D to introduce a generalized notion of inverse system (compare [3J, [4J) . To this end we will now consider inverses with inherent delay (short w.i.d.). ... G1,1(s,z) ... 
CONCLUS IONS
In this paper we introduced a state space realization for the so called weakly causal I/O systems (weakly causal transfer functions). It has been shown that this considerably enlarges the class of realizable transfer functions. Furthermore it was shown that a class of NSHP filters can be state space realized using this method. In the latter part we introduced inverse 2-D systems and a generalization of the concept "inherent delay". We showed that the state space realization, obtained in the first part, could be used for inverse systems with inherent delay and that, in general, a causal 2-D system cannot have a causal inverse (even with inherent delay). State space realization of a multivariable weakly causal 2-D system can be handled in a completely analogous way (see [1J). Although we described the 2-D case, the results of this paper can also be derived for the multidimensional case.
The transformation of a weakly causal I/O system,to obtain a causal one, can be seen as a unimodular transformation of an integer lattice (compare [14J) . This observation (made by one of the reviewers) may be useful if one is interested in further generalization.
